Inhomogeneous waves at the boundary of a generalized thermoelastic anisotropic medium  by Sharma, M.D.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 45 (2008) 1483–1496
www.elsevier.com/locate/ijsolstrInhomogeneous waves at the boundary of a generalized
thermoelastic anisotropic medium
M.D. Sharma *
Department of Mathematics, Kurukshetra University, Haryana 136 119, India
Received 7 February 2007; received in revised form 6 September 2007
Available online 12 October 2007Abstract
The Christoﬀel equation is derived for the propagation of plane harmonic waves in a generalized thermoelastic aniso-
tropic (GTA) medium. Solving this equation for velocities implies the propagation of four attenuating waves in the med-
ium. The same Christoﬀel equation is solved into a polynomial equation of degree eight. The roots of this equation deﬁne
the vertical slownesses of the eight attenuating waves existing at a boundary of the medium. Incidence of inhomogeneous
waves is considered at the boundary of the medium. A ﬁnite non-dimensional parameter deﬁnes the inhomogeneity of inci-
dent wave and is used to calculate its (complex) slowness vector. The reﬂected attenuating waves are identiﬁed with the
values of vertical slowness. Procedure is explained to calculate the slowness vectors of the waves reﬂected from the bound-
ary of the medium. The slowness vectors are used, further, to calculate the phase velocities, phase directions, directions and
amounts of attenuations of the reﬂected waves. Numerical examples are considered to analyze the variations of these prop-
agation characteristics with the inhomogeneity and propagation direction of incident wave. Incidence of each of the four
types of waves is considered. Numerical example is also considered to study the propagation and attenuation of inhomo-
geneous waves in the unbounded medium.
 2007 Elsevier Ltd. All rights reserved.
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Thermoelasticity deals with the dynamical systems whose interactions with the surroundings include not
only mechanical work and external work but the exchange of heat also. The studies of mechanical and thermal
behavior of anisotropic media keep special importance in structural engineering. The co-existence of anisot-
ropy and thermoelasticity is a common happening in the most of the industrial processes. The re-enforcements
and laminations are the major source of anisotropy in the composite materials. Non-destructive evaluation of
composites is based on the mathematical models of wave propagation involving anisotropy and thermoelas-
ticity. On the other hand, almost, universal presence of anisotropy is observed in many types of rocks at many0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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stresses are among the major causes of anisotropy in the Earth. The temperature variations and ﬂuid-ﬂow play
a signiﬁcant role in the modiﬁcation of cracks. These modiﬁcations in microcracks are responsible for the
dynamism around geothermal reservoirs and sedimentary basins.
Starting with Biot (1956), the theory of thermoelasticity has established well (Nowacki, 1962, 1975) with time.
Lord and Shulman (1967), introduced relaxation time to explain the propagation of a thermal wave and pre-
sented a modiﬁed theory called generalized theory of thermoelasticity (termed as LS theory). Using two relax-
ation times, Green and Lindsay (1972) developed another generalized theory of thermoelasticity (termed as GL
theory). Dhaliwal and Sheriﬀ (1980) extended the generalized theory of Lord and Shulman, to the anisotropic
media. A comprehensive review of the, then, literature on thermoelasticity is available in Chandrasekhariah
(1986). Singh and Sharma (1985) discussed thermoelastic waves in transversely isotropic media. Sharma and
Sidhu (1986) extended this generalized thermoelastic wave propagation to the general anisotropic medium
but the velocities of the four waves are approximated, only, for the low and high frequencies. In another paper,
Sharma et al. (2000) studied plane harmonic waves in orthotropic thermoelastic materials. It may be noted that
anisotropy considered, in general, is transverse isotropy or one with orthotropic symmetry. For such anisotro-
pies, SH-motion is found to be normal to the plane of propagation and, hence, decouples from P-SV motion.
Norris (1994) considered general anisotropy in the theory of thermoelasticity and described the procedure to
generate Green’s functions for time harmonic sources. Shuvalov and Chadwick (1997) analyzed the degenera-
cies, their interconnection and their inﬂuence on the nature of thermoelastic waves in anisotropic medium. In a
recent study, author (Sharma, 2006) derived a mathematical model to calculate the complex phase velocities of
four waves in generalized thermoelastic anisotropic medium. Another paper of the author (Sharma, 2007) stud-
ies the propagation of inhomogeneous waves in this medium. The derivedmodels may be able to study the prop-
agation of plane harmonic waves along given directions of propagation in an unbounded medium. But, to study
the wave propagation in a bounded medium, the waves reﬂected (refracted) from (through) a boundary also
need speciﬁcation. The directions of propagation and attenuation of these waves are to be derived from the spec-
iﬁcation of the wave incident at the boundary. This requires to calculate the slowness surfaces of eight attenu-
ating waves propagating with decay (towards or away from the boundary) in the GTAmedium for the incidence
of inhomogeneous waves at its boundary. Moreover, in a dissipative medium like GTA, any large attenuation
may, only, be explained with the presence of inhomogeneous waves.
The present study considers the propagation of inhomogeneous waves, in a generalized thermoelastic aniso-
tropic bounded medium. A polynomial equation of degree eight is solved to deﬁne the slowness surfaces of
eight attenuating waves at the boundary of the medium. Along a given phase direction, incidence of inhomo-
geneous waves is considered at a boundary of the medium. A new procedure (Sharma, 2007) is used to calcu-
late the slowness vector of the incident wave. The inhomogeneity strength of the incident wave is represented
through (instead of angle) a ﬁnite, non-dimensional parameter, which separates the inhomogeneous waves
from their homogeneous version. The slowness surfaces are identiﬁed for the waves reﬂected (decaying away)
from the boundary. Propagation characteristics (phase velocity, propagation direction, propagation–attenua-
tion ratio, attenuation angle) of these waves are computed and discussed for particular numerical models.2. Generalized thermoelastic anisotropic (GTA) medium
A homogeneous anisotropic thermally conducting elastic solid is considered at a uniform temperature To,
in the undisturbed state. Following Dhaliwal and Sheriﬀ (1980), the governing equations for particle motion in
a linear generalized thermoelastic media, in the absence of body forces and heat sources, arecijkluk;jl  aijðT þ s1d2m _T Þ;j ¼ q€ui;
KijT ;ij  qCeð _T þ s0€T Þ ¼ T oaijðsod1m€ui;j þ _ui;jÞ;
ð1Þwhere cijkl are isothermic elastic constants and Kij is (positive-deﬁnite) thermal conductivity tensor. The
thermoelastic coupling is represented by (non-singular) symmetric tensor aij. The q and Ce are density and
speciﬁc heat at constant strain, respectively. The ui are the components of particle displacement and T is
the temperature of the medium in disturbed state. The dummy index implies summation. The dot and comma
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that, in (1), m = 1 represent Lord–Shulman (LS) and m = 2 represent Green–Lindsay (GL) theory of thermo-
elasticity. The two thermal relaxation times are given by s0P s1P 0.
For the propagation of plane harmonic waves, the solution of (1) is deﬁned asuj ¼ Sj expfıxðpkxk  tÞg; ðj ¼ 1; 2; 3Þ;
T ¼ H expfıxðpkxk  tÞg;
ð2Þwhere, the components (S1,S2,S3) deﬁnes the polarization vector S for the displacement of the particles in the
medium. The pk deﬁnes the slowness vector p = (p1,p2,p3).
Substituting (2) in (1), yields a system of four homogeneous equations. This system is manipulated, alge-
braically, to explain the wave propagation phenomenon in the medium through two smaller systems. One
of them, given byT ¼ ıx T oðs0d1m þ ı=xÞ
Kjkpjpk  qCeðs0 þ ı=xÞ
ajkpkuj; ð3Þrelates the displacement (u) of particles to the temperature (T) in the medium. The other system represents the
modiﬁed Christoﬀel equation and is given byW ikSk ¼ 0; W ik ¼ qdik þ cijklpjpl  T os0
aijpjaklpl
Kjkpjpk  qCes
; ð4Þwhere, the complex relaxation times s ¼ s0 þ ı=x and s0 ¼ s0d1m þ s1d2m þ ı=x. The above relations indicate
that a null matrix {aij} or zero value of To may represent the absence of thermoelastic eﬀect on wave propa-
gation. Thus, the Christoﬀel equation (4) is reduced to deﬁne the elastic propagation in anisotropic medium.
The non-trivial solution of the Christoﬀel equation is ensured by a determinantal equation, given bydetW ¼ 0: ð5Þ
To solve this equation, assume that p1, p2 are known and an unknown q denotes the vertical slowness p3. Then,
in terms of q, the matrix W is resolved asW ¼ Aq2 þ Bqþ Cþ 1
q2 þ aqþ b ðD
0qþ E0Þ; ð6Þwhere, a, b and the coeﬃcient matrices (A,B,C,D 0,E 0), are as expressed in Appendix A. The non-trivial solu-
tion of the Christoﬀel equation is ensured by a polynomial equation of degree eight, given byX8
j¼0
Cjqj ¼ 0; ð7Þwhere, the coeﬃcients Cj are as deﬁned in Appendix B. For the presence of symmetry (monoclinic or higher) in
the anisotropy, the coeﬃcients Cj (j = 1,3,5,7), vanish and Eq. (7) becomes a biquadratic in q
2 and hence may
be solved algebraically. In any case, this equation is solved for eight values of q, with the given values of p1, p2.
If the waves in GTA medium are refracting from some other medium, then, according to Snell’s law, the
values of p1, p2 of all the resulting waves will be same as for the incident wave. However, if the incident wave is
emerging from the GTA medium itself, then the velocity of the incident wave along a chosen phase direction
will be required to deﬁne the values for p1 and p2. The complex slowness vector (p1,p2,q) may be expressed as
N/V such that NÆN = 1. V denotes the complex phase velocity of a wave corresponding to the phase vector N.
3. Phase velocity and slowness
3.1. Four attenuating waves
Four waves can propagate in generalized thermoelastic anisotropic medium (Sharma, 2006). For any of
these four waves, the complex phase velocity (V) corresponding to the phase vector N is also obtained from
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direction in the medium is explained in Appendix C. These are obtained from the four roots hj (j = 1,2,3,4)
of a biquadratic equation. The complex coeﬃcients of this biquadratic equation imply that its roots are com-
plex. The waves may be identiﬁed with the algebraic expressions of the four roots of this equation. Analogous
to the propagation in an isotropic thermoelastic medium, the waves corresponding to h1, h2, h3, h4 may be
called the qP, qS1, qS2, qT waves, respectively. The pre-ﬁx ‘q’ is used to indicate that these waves are not
exactly longitudinal (P) or transverse (S) in character. The polarization of the particles due to each of the four
waves are obtained, from Christoﬀel equation (17) in Appendix C. The velocities and polarizations of these
waves are complex and vary with the phase direction. Therefore, the four waves propagating in such a medium
are attenuating waves. Then, the complex slowness vector (p1,p2,q) needs to be resolved into propagation and
attenuation parts. The attenuation part may be resolved, further, to deﬁne homogeneous or inhomogeneous
waves.
3.2. Inhomogeneous plane waves
An extensive literature (Hayes, 1980; Caviglia and Morro, 1992; Carcione, 2001; Cerveny and Psencik,
2005) is available on the propagation of inhomogeneous waves in dissipative anisotropic media. A diﬀerent
method (Sharma, 2007), explained in this section, constructs the complex slowness vector for the inhomoge-
neous waves with given propagation and attenuation directions in unbounded medium. Propagation vector
and attenuation vector form a plane, through two orthogonal unit vectors n^ and m^. A ﬁnite non-dimensional
parameter d represent the deviation of inhomogeneous wave from its homogeneous version (represented by
d = 0). The complex slowness vector is expressed asp ¼ 1
C
½n^þ ıbn^þ ıdm^: ð8ÞFor given propagation direction n^, orthogonal direction m^ and inhomogeneity parameter d, the attenuation
coeﬃcient b and propagation velocity C are determined. Thus determined C and b are used to deﬁne the com-
plex slowness vector p = N/V, such that NÆN=1. The complex velocity V = V(N) for each of the four waves is
available as one of the roots of biquadratic equation obtained from the Christoﬀel equation (17) in Appendix
C. Mathematically, we have a system of 10 real equations, given byN
V
¼ 1
C
½n^þ ıbn^þ ıdm^; N N ¼ 1; V ¼ V ðNÞ; ð9Þfor 10 real unknowns in N, V, C, b. These relations are, then, solved intoN ¼ ½n^ð1þ ıbÞ þ ıdm^=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½ð1þ ıbÞ2  d2
q
;
C2
V 2
¼ ð1þ ıbÞ2  d2: ð10ÞNote that, the phase vector N is a vector function of only one unknown, b. This implies that the complex
velocity V = V(N), also, becomes a function of b, such that V 2 ¼ hðbÞ ¼ hR þ ıhI . So, we haveC2 ¼ ð1 d2  b2 þ 2ıbÞðhR þ ıhIÞ ð11Þ
which, yields0 ¼ ð1 d2  b2ÞhI þ 2bhR; ð12Þ
an equation to be solved for b using a numerical method, andC2 ¼ ð1 d2  b2ÞhR  2bhI ; ð13Þ
to calculate C2 for b obtained from (12). Another form of Eq. (13)C2 ¼ ½ð1 d2  b2Þ2 þ 4b2hR=ð1 d2  b2Þ; ð14Þ
ensures a positive value for C2, with b2 < 1  d2. These bounds of b are used in solving Eq. (12) by Bisection
method. To get an estimate of b, deﬁne quality factor of attenuation
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to getb2 þ 2Qb ð1 d2Þ ¼ 0; ð16Þ
which, for given d2 < 1, provides one positive and one negative value of b. But, for positive value of C2, the
signs of Q and b should be same. Hence, for an estimated value of Q, a value of b, obtained from (16), may be
used in Newton–Raphson method to solve (12). The derivative of h required to apply this method is obtained,
analytically, from the diﬀerentiation of biquadratic equation (Appendix C) in h.
The above parameters explain the phase velocity (C), attenuation–propagation ratio ðv ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ d2
q
Þ angle
between propagation vector and attenuation vector (c = cos1(b/v)) for each of the inhomogeneous waves in
any dissipative anisotropic unbounded medium. For the resolution of complex slowness vector p ¼ Pþ ıA,
the v denotes |A|/|P|.
3.3. Propagation in a bounded medium
Twoprevious sub-sections explain the propagation of inhomogeneous waves in an unboundedGTAmedium.
For propagation in a bounded medium, the phase velocities of the waves reﬂected (refracted) from (through) a
boundary of the medium, are also required. The vertical slownesses (q) are calculated from (7) for given values of
horizontal slownesses (i.e., p1, p2). The Snell’s law ensures that the phase vectors of all the waves existing at a
boundary lie in the same plane. This implies that the horizontal slownesses (p1,p2) are same for all these waves
and, mathematically, the diﬀerent waves at the boundary are identiﬁed with their vertical slownesses (q). So,
the eight values of vertical slowness identify the four propagating waves as either decaying upward (positive
x3-direction) or downward (negative x3-direction) in the medium. For propagation in GTA solid layer all the
eight values of vertical slowness are required to deﬁne the displacement there. On the other hand, for propagation
in GTA solid half-space, the slowness values are required only for the waves, which are decaying away from the
boundary (termed as outgoing waves, hereafter). An inhomogeneous wave is considered as outgoing if its ampli-
tude decreases with distance from the boundary (Rokhlin et al., 1986). The slowness vector p = (p1,p2,q) of each
of these outgoing waves is resolved to calculate the propagation and attenuation parameters of the wave. The
direction of propagation ðn^ ¼ CReðpÞÞ of an outgoing wave is represented by an angle (h = cos1n3) in the prop-
agation–attenuation plane. The imaginary part of slowness vector p is used to deﬁne attenuation–propagation
ratio v = C|Im(p)| and attenuation angle c ¼ cos1ðn^  ImðpÞÞ=jImðpÞj.
3.4. Procedure to calculate slowness
Consider a generalized thermoelastic anisotropic mediumwith known or assumed numerical model. The inci-
dent wave is an inhomogeneous wave emerging in GTA medium with propagation along a general direction
deﬁnedby (h,/). In the right hand co-ordinate system (x1,x2,x3), h is the polar anglewithx3-axis and/ is azimuth
in x1  x2 plane, measured from x1-axis to x2-axis. Then, in a plane ﬁxed with a value of /, the unit vector
n^ ¼ ðsin h cos/; sin h sin/; cos hÞ and m^ is its orthogonal vector. The following steps constitute the procedure
to calculate and identify the vertical slowness values for outgoing (reﬂected) waves at the boundary.
(i) The values of C and b are obtained (Section 3.2) for given d. These values are used to calculate N.
(ii) The value of N is used to calculate the velocity (Appendix C) Vo of the incident wave. This provides
pj = Nj/Vo (j = 1,2), and vertical slowness of incident wave is given by p3 = N3/Vo.
(iii) The values of p1 and p2 are used to calculate the eight values of q from (7). These values are complex and
deﬁne the complex slowness vectors (p1,p2,q) for the waves at the boundary.
(iv) The outgoing waves at the boundary of the dissipative medium are the waves that decay on moving away
from the boundary. The sign of the imaginary part of a vertical slowness value (q) represents this decay
and, hence, identiﬁes (Synge, 1957) the outgoing waves according to the geometry of the medium. This is
explained as ‘A criterion’ by Caviglia and Morro (1999). In this study x3-axis is taken as the outward
normal at the boundary of the medium so that a vertical slowness value with negative imaginary part
represents the reﬂected wave.
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agating towards the boundary along the direction deﬁned by N. Hence, one of these values of q must be
equal to p3, for the incidence of any of the four waves. This step is a self-check which ensures the cor-
rectness of the analytical expressions as well as their numerical implementation.
It is, generally, expected that for the incidence of any of the waves, there will be four diﬀerent reﬂected
waves. However, the actual scenario can, only, be analyzed numerically.
4. Numerical examples
The analytical expressions derived in this study constitute a general mathematical model for wave propa-
gation in a generalized thermoelastic anisotropic solid. These expressions can be used to compute the eﬀects of
thermal parameters and propagation parameters on the propagation characteristics of the medium. In the
present study, however, the purpose is to certify the working of the analytical procedures explained in the pre-
vious sections. Hence, a hypothetical numerical model is assumed to calculate some of the propagation char-
acteristics of the waves in the medium. These characteristics include phase velocity (C), propagation direction
(h), attenuation–propagation ratio (v), and angle of attenuation (c). North-sea sandstone, a reservoir rock of
density 2216 kg/m3 is considered a general anisotropic thermoelastic medium with its elastic constants (Ras-
olofosaon and Zinszner, 2002) given (in GPa) by,C11 ¼ 17:77; C12 ¼ 3:78; C13 ¼ 3:76; C14 ¼ 0:24Z1; C15 ¼ 0:28Z1; C16 ¼ 0:03Z2;
C22 ¼ 19:45; C23 ¼ 4:13; C24 ¼ 0:41Z1; C25 ¼ 0:07Z1; C26 ¼ 1:13Z2;
C33 ¼ 21:79; C34 ¼ 0:12Z1; C35 ¼ 0:01Z1; C36 ¼ 0:38Z2;
C44 ¼ 8:30; C45 ¼ 0:66Z2; C46 ¼ 0:06Z1; C55 ¼ 7:62; C56 ¼ 0:52Z1; C66 ¼ 7:77;where, Cij denote the two-suﬃxed notations of elastic tensor cijkl. A symmetric matrix R = {1,0.1Z2,
0.2Z1;0.1Z2,1.1,0.15Z1;0.2Z1,0.15Z1,0.9} is deﬁned to represent the anisotropy of thermal conductivity ten-
sor Kij and the thermoelastic coupling tensor aij. In terms of this matrix, the arbitrary values assumed for ther-
mal coeﬃcients are given by aij/C66 = 0.001Rij/K, Kij/C66 = 0.05Rij m2 s1/K, Ce/C66 = 0.1 m2 kg1/K and
To = 300 K. It may be noted that the values (1,1), (0,1) and (0,0) of (Z1,Z2) represent, respectively, the tri-
clinic, monoclinic and orthorhombic anisotropy in the model. The value of dimensionless parameter
g = (xso)
1 is assumed as 0.01 and relaxation times are assigned the values of s1/s0 = 0.9 and s0 = 0.01 s.
For a general direction (h,/), in three-dimensional space, the propagation direction n^ is deﬁned by (Section
3.4) the row matrix (sinhcos/, sinh sin/, cosh). The vertical plane / = 0.23p is the ﬁxed propagation–atten-
uation plane for numerical computation. In this plane, the orthogonal vector m^ is considered along h  p/2.
In the ﬁrst part of numerical computation, propagation of inhomogeneous waves is studied in
unbounded medium for the three values of inhomogeneity parameter d = 0.2, 0, 0.4. Main purpose of
this part is to see that everything seems to be normal, as expected. However, the eﬀects of changes in
inhomogeneity parameter on the propagation and attenuation may be noted. Propagation direction is con-
sidered with h varying from 0 to 90. Fig. 1 exhibits the propagation characteristics of all the four ther-
moelastic waves in the medium according to GL theory (i.e., m = 2). The anisotropy considered is of
triclinic type. From the plots, it is observed that the propagation of an inhomogeneous wave is slower
than its homogeneous version. Stronger inhomogeneity reduces the phase velocity, further. Attenuation
coeﬃcient (v) is negligible for d = 0. This means that attenuation due to inhomogeneous waves are much
larger than due to homogenous waves. Also, any change in propagation direction alone has a negligible
eﬀect on the attenuation coeﬃcient v. This implies that the eﬀect of propagation direction on amount of
attenuation (i.e., v/C) will be nearly opposite to that observed on phase velocity. In the third column
plots, the curves due to d = 0 are absent. Reason being the same direction of propagation and attenuation
(i.e., c = 0) for homogeneous waves. It is noted that the change of thermoelastic theory (i.e., for LS the-
ory) does not make much diﬀerence in the propagation characters of all the waves.
Characteristics of thermoelastic propagation, according to LS theory, in a monoclinic anisotropic medium
are exhibited in Fig. 2. The thermoelastic theory has only negligible eﬀect on the propagation. This implies
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Fig. 1. Variations of phase velocity (C), attenuation coeﬃcient (v) and attenuation angle (c) with propagation direction (h); triclinic
anisotropy; GL theory.
M.D. Sharma / International Journal of Solids and Structures 45 (2008) 1483–1496 1489that the diﬀerences among the corresponding plots of Figs. 1 and 2 are, mainly, due to the presence of aniso-
tropic symmetry. It may be noted that stricter the anisotropy, more are the variations in propagation charac-
teristics with propagation direction. The fastest (qP) wave is more responsive to the type of anisotropy present
in the medium.
In the second part of computation, propagation characteristics (i.e., phase velocity C, propagation direction
h, attenuation coeﬃcient v and attenuation angle c) of the waves reﬂected (or, attenuating away) from a
boundary of the medium are calculated for the incidence of each of the waves. The generalized thermoelastic-
ity in the triclinic anisotropic medium is deﬁned by GL theory (i.e., m = 2 in system of Eq. (1)). Incidence of
the wave varies with hI, from 0 to 90, in the propagation–attenuation plane / = 0.23p. The inhomogeneity of
the incident wave is represented with three values 0.01, 0.1 and 0.5 of inhomogeneity parameter d. The smaller
value of d = 0.01 indicates that the incident wave is weakly inhomogeneous.
Variations of propagation characteristics (C,h,v,c) of the waves, resulting from the incidence of qP wave,
are as shown in Fig. 3. The plots in the ﬁrst column of the ﬁgure show that the velocities of inhomogeneous
reﬂected waves decrease with the increase in the inhomogeneity strength of incident qP wave. Velocity anisot-
ropy is observed mainly in the fastest (qP) wave. This implies that the change in the direction of incident qP
wave has little eﬀect on the velocities of three slower (qS1,qS2,qT) reﬂected waves. The near normal incidence
of qP wave may not reﬂect as qP wave, when the inhomogeneity of the incident wave is strong enough. From
the second column of plots, it seems that phase directions of reﬂected waves may not change much with inho-
mogeneity strength. However, near the grazing incidence of weakly inhomogeneous qP waves, the three slower
reﬂected waves may propagate towards the boundary. In general, faster the reﬂected wave, more closer to the
boundary it propagates. The amounts of attenuation of reﬂected waves are exhibited in third column of plots.
From these plots, it is noted that the attenuations of the reﬂected waves increase with the increase in the inho-
mogeneity strength of incident qP wave. It is observed that the faster wave attenuates more. The inhomoge-
neities of the reﬂected waves are shown through the plots in column 4. The 90 value of c represents the
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Fig. 2. Variations of phase velocity (C), attenuation coeﬃcient (v) and attenuation angle (c) with propagation direction (h); monoclinic
anisotropy; LS theory.
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reﬂected waves are nearly homogeneous as compared to the inhomogeneity of reﬂected qP wave. The inho-
mogeneities of the reﬂected waves increase with the increase of the inhomogeneity of incident wave.
Fig. 4 contains the variations of phase velocities, phase directions, attenuation coeﬃcients and attenuation
angles of the four reﬂected waves with the incident direction of qS1 wave. Plots in ﬁrst column shows that the
phase velocity of reﬂected qP wave varies so swiftly that it becomes smaller than the velocity of reﬂected qS1
wave for incidence of qS1 wave beyond an angle. This angle moves closer to the grazing incidence when the
inhomogeneity of incident qS1 wave is increased. The phase velocities of all the reﬂected waves changes with
the direction of incidence. However, in case of weakly inhomogeneous incidence, these velocity variations are
negligible for slower waves. In the second column of plots, the phase direction of reﬂected qP wave does not
change much for incidence of weakly inhomogeneous wave at an angle beyond, nearly, 45. Also, for incidence
beyond this angle, the phase direction of qP wave cross over the phase direction of qS1 wave. The attenuation
v is signiﬁcant for qP wave only when the incident wave is weakly inhomogeneous. However, for the incidence
of strongly inhomogeneous waves, all the four reﬂected waves have signiﬁcant attenuation. The attenuation
factor decreases in the order of qP, qS1, qS2 and qT waves. The inhomogeneity strength of reﬂected waves
are measured from the deviations of their c values from 90 in the plots of column 4. It is noted that all
the reﬂected waves are, considerably, inhomogeneous with qP wave being the strongest. The inhomogeneity
strength of reﬂected waves increases with the increase in the inhomogeneity strength of incident qS1 wave.
The inhomogeneity of reﬂected qP wave does not change much for incidence of weakly inhomogeneous waves
beyond 45.
Fig. 5 exhibits the propagation characteristics of reﬂected waves resulting from the incidence of qS2
wave. Similar to Fig. 4, the velocity plots show that the velocity of reﬂected qP waves may be smaller than
that of reﬂected qS1 waves. But, near grazing incidence, all the reﬂected waves may propagate with nearly
same velocities. This is in contrast to the velocity variations observed in Figs. 3 and 4. Velocity variations of
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Fig. 3. Variations of phase velocity (C), propagation direction (h), attenuation coeﬃcient (v) and attenuation angle (c) with propagation
direction (hI) of incident qP wave (triclinic anisotropy; GL theory; big dots: qP wave; solid curves: qS1 wave; dashed curves: qS2 wave;
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waves appears to be an advanced version of those observed in Fig. 4. In this ﬁgure, an angle of incidence is
observed for each of the qP and qS1 waves such that for incidence beyond these angles, the corresponding
reﬂected waves may cross over the phase directions of other waves. These angles (near 35 and 40) may not
be there when the incident wave is strongly inhomogeneous. From third column of plots, it is observed that
the attenuations of all the reﬂected waves increase with the increase of the inhomogeneity of incident qS2
wave. However, in case of d = 0.01, the qS2 and qT waves have negligible attenuation. For strongly inho-
mogeneous incident wave (i.e., d = 0.5), the attenuation pattern is quite diﬀerent from the two upper plots.
The attenuations of all the waves varies swiftly with the direction of incident wave. The inhomogeneity of
reﬂected qP wave does not vary, much, with the incident direction, of weakly inhomogeneous qS2 wave,
beyond nearly 40.
In Fig. 6, the various plots explain the variations in the propagation characteristics of the reﬂected waves
with the incidence of qT wave. Roughly speaking, this ﬁgure seems to an advanced version of Fig. 5. The faster
reﬂected waves get slower such that at incidence beyond 70, all the waves appears to be propagating with the
same phase velocity. When the incident wave is strongly inhomogeneous, the reﬂected waves may not keep any
order among their velocities. The velocities of faster reﬂected waves are aﬀected much with the changes in the
inhomogeneity of incident qT wave. Regarding phase directions of reﬂected waves the behavior of qP wave in
Fig. 4, qP and qS1 wave in Fig. 5, is observed for qS2 wave, also, in this ﬁgure. This implies the three angles
for incident qT wave when the phase direction curves of reﬂected waves intersect. The attenuation coeﬃcient is
negligible only for reﬂected qT wave, when the incident wave is weakly inhomogeneous. But, for strongly inho-
mogeneous incident qT wave, all the reﬂected waves have comparative attenuations. These attenuations varies
swiftly with the incident direction. The inhomogeneity variations of the reﬂected waves are quite similar to
those in Fig. 5.
20 40 60 80
2
2.5
3
3.5
4
(δ
=0
.0
1)
C(km/s)
20 40 60 80
100
120
140
160
θ (degree)
20 40 60 80
0.2
0.4
0.6
χ
20 40 60 80
75
80
85
90
γ (degree)
20 40 60 80
2
2.5
3
3.5
4
(δ
=0
.1
)
20 40 60 80
100
120
140
160
20 40 60 80
0.2
0.4
0.6
20 40 60 80
80
90
100
20 40 60 80
2
2.5
3
(δ
=0
.5
)
θI (degree)
20 40 60 80
100
120
140
160
θI (degree)
20 40 60 80
0.2
0.4
0.6
θI (degree)
20 40 60 80
80
90
100
θI (degree)
Fig. 4. Same as Fig. 3, but for incident qS1 wave.
20 40 60 80
2
2.5
3
3.5
4
(δ=
0.
01
)
C(km/s)
20 40 60 80
100
120
140
160
θ (degree)
20 40 60 80
0.2
0.5
0.8
χ
20 40 60 80
75
80
85
90
γ (degree)
20 40 60 80
2
2.5
3
3.5
4
(δ=
0.
1)
20 40 60 80
80
120
160
20 40 60 80
0.2
0.5
0.8
20 40 60 80
80
90
100
20 40 60 80
1.5
2
2.5
(δ=
0.
5)
θI (degree)
20 40 60 80
90
130
170
θI (degree)
20 40 60 80
0.4
0.5
0.6
0.7
0.8
θI (degree) θI (degree)
20 40 60 80
80
90
100
Fig. 5. Same as Fig. 3, but for incident qS2 wave.
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Fig. 6. Same as Fig. 3, but for incident qT wave.
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This study solves a mathematical model for propagation of inhomogeneous waves at the boundary of a gen-
eralized thermoelastic anisotropic medium. The analytical expressions and relations derived in the text are gen-
eral in nature and can be used to study the eﬀects of thermal/elastic properties of the medium on the wave
propagation. The computation of numerical example ensures the numerical implementation of analytical proce-
dures derived. The numerical example studies the propagation in a hypothetical model of crystalline rock. So,
any conclusion drawn from the above discussion of numerical results may not qualify for quantitative general-
ization. However, the following few conclusions may be extracted from the qualitative analysis of the observa-
tions made in this discussion.
(i) The choice of thermoelasticity theory (LS or GL) has only a negligible eﬀect on propagation of inhomo-
geneous waves.
(ii) The fastest wave is the most sensitive to the presence of anisotropic symmetry in thermoelastic
media.
(iii) Any change in propagation direction alone has a negligible eﬀect on the attenuation coeﬃcient v
of each of the waves in unbounded media. Such a (nearly) constant value of v implies the
(nearly) opposite variations in velocity (C) and amount of attenuation (i.e., v/C) with propagation
direction.
(iv) The inhomogeneity strength (parameter d) of the incident wave shows a signiﬁcant eﬀect on the propa-
gation phenomenon in GTA medium.
(v) Near normal incidence of any of the four waves may not reﬂect all the four waves. For
such incidence, the fastest wave may disappear when the incident wave is strongly
inhomogeneous.
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critical angle. Similar incident direction is observed in the GTA medium also, when the inhomogeneity
of incident wave is not much stronger. For incidence beyond this direction, the phase direction and
attenuation direction of the concerned reﬂected wave do not change much. With the increase of the inho-
mogeneity of incident wave, this direction moves closer to the grazing incidence.
(vii) The attenuations and inhomogeneities of the reﬂected waves increase with the inhomogeneity
strength of incident wave. It is observed that the faster waves attenuate more and are strongly
inhomogeneous.
(viii) The velocities and phase directions of faster reﬂected waves change swiftly with the change in the
inhomogeneity of incident slower wave. The change is so swift that, there exists an incident
direction, when the corresponding reﬂected waves may cross over the phase directions of
other waves. Near grazing incidence, all the reﬂected waves may propagate with nearly same
velocities.
There may be many more such conclusions but these may be truly signiﬁcant when used in the sim-
ulation of real data. However, the work presented provides a self-checking mathematical model to
explain the relations between propagation and attenuation of inhomogeneous waves in thermoelastic
anisotropic materials. A simple and transparent procedure is used for the speciﬁcation of complex slow-
ness vector to study the propagation of inhomogeneous waves in a dissipative anisotropic medium
along a general direction. The velocities of propagating waves in anisotropic media is an important tool
in the non-destructive testing/evaluation studies to understand the mechanical behavior of composite
materials (Wu and Wu, 2000). The presence of thermoelastic attenuation in the anisotropic propagation
may provide a more realistic model for these studies. The type of anisotropy may, also, represent the
geometry and extent of fractures around reservoirs. Hence, this study may be useful in estimating the
internal structure of hydrocarbon/geothermal reservoirs. The observations in the numerical part may
provide new directions to the propagation studies in realistic media. The work can be extended further
to include the anelastic nature of solids and to study inhomogeneous propagation in multilayered
models.Appendix A
The coeﬃcient matrices used in expression (4) of W are deﬁned as follows. Deﬁne a matrix F, such that,F 11 ¼ c11p21 þ c66p22 þ 2c16p1p2  q; F 12 ¼ F 21 ¼ c16p21 þ c26p22 þ ðc12 þ c66Þp1p2;
F 13 ¼ F 31 ¼ c15p21 þ c46p22 þ ðc14 þ c56Þp1p2; F 22 ¼ c66p21 þ c22p22 þ 2c26p1p2  q;
F 23 ¼ F 32 ¼ c56p21 þ c24p22 þ ðc25 þ c46Þp1p2; F 33 ¼ c55p21 þ c44p22 þ 2c45p1p2  q; and
Bð0Þ ¼ ðT os0Þfai1ak1p21 þ ai2ak2p22 þ ðai1ak2 þ ai2ak1Þp1p2g;
Bð1Þ ¼ ðT os0Þfðai1ak3 þ ai3ak1Þp1 þ ðai2ak3 þ ai3ak2Þp2g; Bð2Þ ¼ ðT os0Þfðai3ak3Þg;
a ¼ 2ðK13p1 þ K23p2Þ=K33; b ¼ ðK11p21 þ K22p22 þ 2K12p1p2  qCesÞ=K33;to writeC ¼ Fþ 1
K33
Bð2Þ; D0 ¼ 1
K33
ðBð1Þ  aBð2ÞÞ; E0 ¼ 1
K33
ðBð0Þ  bBð2ÞÞ; and
A ¼ fc55; c45; c35; c45; c44; c34; c35; c34; c33g;
B11 ¼ 2ðc15p1 þ c56p2Þ; B12 ¼ B21 ¼ ðc14 þ c56Þp1 þ ðc25 þ c46Þp2;
B13 ¼ B31 ¼ ðc13 þ c55Þp1 þ ðc36 þ c45Þp2; B22 ¼ 2ðc46p1 þ c24p2Þ;
B23 ¼ B32 ¼ ðc36 þ c45Þp1 þ ðc23 þ c44Þp2; B33 ¼ 2ðc35p1 þ c34p2Þ:
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C4 ¼ ba4 þ aa3 þ a2 þ b3 þ c3  q2b4  q1c4; C3 ¼ ba3 þ aa2 þ a1 þ b2 þ c2  q2b3  q1c3;
C2 ¼ ba2 þ aa1 þ a0 þ b1 þ c1  q2b2  q1c2 þ n2; C1 ¼ ba1 þ aa0 þ b0 þ c0  q2b1  q1c1 þ n1;
C0 ¼ ba0  q2b0  q1c0 þ n0;where, q1 and q2 are two roots of equation q
2 + aq + b = 0. Deﬁne |XYZ| as the determinant of a matrix ob-
tained by selecting ﬁrst row from matrix X, second row from matrix Y and third row from matrix Z. Then, the
various coeﬃcients are expresses as follows.a6 ¼ jAAAj; a5 ¼ jAABj þ jABAj þ jBAAj; a4 ¼ jAACj þ jACAj þ jCAAj þ jABBj þ jBABj þ jBBAj;
a3 ¼ jABCj þ jACBj þ jBACj þ jBCAj þ jCABj þ jCBAj þ jBBBj;
a2 ¼ jACCj þ jCACj þ jCCAj þ jBBCj þ jBCBj þ jCBBj;
a1 ¼ jBCCj þ jCBCj þ jCCBj; a0 ¼ jCCCj;
b4 ¼ jAADj þ jADAj þ jDAAj; b3 ¼ jABDj þ jADBj þ jBADj þ jBDAj þ jDABj þ jDBAj;
b2 ¼ jACDj þ jADCj þ jCADj þ jCDAj þ jDACj þ jDCAj þ jBBDj þ jBDBj þ jDBBj;
b1 ¼ jBCDj þ jBDCj þ jCBDj þ jCDBj þ jDBCj þ jDCBj; b0 ¼ jCCDj þ jCDCj þ jDCCj;
c4 ¼ jAAEj þ jAEAj þ jEAAj; c3 ¼ jABEj þ jAEBj þ jBAEj þ jBEAj þ jEABj þ jEBAj;
c2 ¼ jACEj þ jAECj þ jCAEj þ jCEAj þ jEACj þ jECAj þ jBBEj þ jBEBj þ jEBBj;
c1 ¼ jBCEj þ jBECj þ jCBEj þ jCEBj þ jEBCj þ jECBj; c0 ¼ jCCEj þ jCECj þ jECCj;
n2 ¼ jADEj þ jAEDj þ jDAEj þ jDEAj þ jEADj þ jEDAj;
n1 ¼ jBDEj þ jBEDj þ jDBEj þ jDEBj þ jEBDj þ jEDBj;
n0 ¼ jCDEj þ jCEDj þ jDCEj þ jDECj þ jECDj þ jEDCj:With the matrices A, B, C, D 0, E 0 as deﬁned in Appendix A, D = (E 0 + D 0q1)/(q1  q2) and E = (E 0 + D 0q2)/
(q2  q1). In case of repeated roots for q2 + aq + b = 0, the matrices D = D 0; E = E 0  0.5aD. The changes in
Cj are as follows.C5 ¼ ba5 þ aa4 þ a3 þ b4; C4 ¼ ba4 þ aa3 þ a2 þ b3 þ c4 þ 0:5ab4;
C3 ¼ ba3 þ aa2 þ a1 þ b2 þ c3 þ 0:5ab3; C2 ¼ ba2 þ aa1 þ a0 þ b1 þ c2 þ 0:5ab2;
C1 ¼ ba1 þ aa0 þ b0 þ c1 þ 0:5ab1; C0 ¼ ba0 þ 0:5ab0 þ c0:Appendix C
For (p1,p2,p3) = (N1,N2,N3)/V, the Christoﬀel equation (4) is written (for h = V
2) asW ijSj ¼ 0 ði ¼ 1; 2; 3Þ; W ¼ D1hþD2 þ D3d0hþ d1 ; ð17Þwhere, for row-vector N = (N1,N2,N3),D1 ¼ qI; D2 ¼ Zþ 1do Y; D3 ¼ 
d1
do
Y;
d0 ¼ qCes; d1 ¼ NKNT ; Y ¼ T os0aNTNa:
ð18Þs ¼ so þ ıx1 and s0 ¼ sod1m þ s1d2m þ ıx1 are complex relaxation times such that value 1 of index m in Kro-
necker delta represent LS theory and m = 2 represent GL theory of thermoelasticity. The matrix
Z = {cijklNjNl}. Non-trivial solution of the system (17) is ensured by detW = 0, which is solved (Sharma,
1496 M.D. Sharma / International Journal of Solids and Structures 45 (2008) 1483–14962006) into a biquadratic equation in h. The four roots of this biquadratic equation deﬁne the existence and
propagation of four waves in the medium.
For an isotropic medium of two elastic constants k and l, the matrix Z reduces to Z = lI + (k + l)NTN.
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